The p-adic diaphony as introduced by Hellekalek is a quantitative measure for the irregularity of distribution of a sequence in the unit cube. In this paper we show how this notion of diaphony can be interpreted as worst-case integration error in a certain reproducing kernel Hilbert space. Our main result is an upper bound on the p-adic diaphony of the Halton sequence.
Introduction
In many applications, like numerical integration using Monte Carlo or quasi-Monte Carlo algorithms, where random number generators or low discrepancy sequences are used, the success of the algorithm often depends on the distribution properties of the underlying point set. Consequently various measures for the irregularity of the distribution of sequences in the unit cube have been introduced and analyzed. Some of them stem from numerical integration where the worst-case integration error has been analyzed, others are based in geometrical concepts or on specific function systems, see, for example, [3, 4, 10, 11, 12] .
For a function space H of functions f defined on [0, 1] s with norm · the worstcase error e(H , ω) using a quasi-Monte Carlo rule 1 N N −1 n=0 f (x n ) based on a sequence ω = (x n ) n∈N 0 in the unit cube [0, 1) s , is given by e(H , ω) := sup
For a given function space and norm, this worst-case error then only depends on the sequence used. In some cases this worst-case error can be related to the discrepancy of the sequence which is a geometric measure for the irregularity of the distribution of a sequence, see [3, 9, 13] . * The author is partially supported by the Austrian Science Foundation (FWF), Project S9609, that is part of the Austrian National Research Network "Analytic Combinatorics and Probabilistic Number Theory".
In this paper we deal with a further measure of the irregularity of distribution which is called diaphony and which is based on certain function systems. The classical diaphony introduced by Zinterhof [14] (see also [4 Quite recently Hellekalek [7] introduced a further notion of diaphony which is based on the p-adic function system. This notion of so-called p-adic diaphony is especially useful to analyze distribution properties of the Halton sequence.
The exact definition of the the p-adic function system and of p-adic diaphony according to [7] will be presented in the next section. In Section 3 we show how the p-adic diaphony can be interpreted as the worst-case integration error of functions from a certain reproducing kernel Hilbert space. The main result of this paper is presented in Section 4 where we estimate the p-adic diaphony of the Halton sequence.
Definition of p-adic diaphony
In this section we present the definition of p-adic diaphony as introduced by Hellekalek [7] . Before we do so we need to introduce some notation. We follow [7, Section 2] and [6, Section 2] .
Let P denote the set of prime numbers. For p ∈ P we define the set of p-adic numbers as the set of formal sums
The set N 0 of non-negative integers is a subset of Z p . For two non-negative integers y, z ∈ Z p , the sum y + z ∈ Z p is defined as the usual sum of integers. The addition can be extended to all p-adic numbers and, with this addition, Z p forms an abelian group. Define the so-called Monna-map
We also define the inverse φ
where we always use the finite p-adic representation for p-adic rationals in [0, 1).
These functions satisfy
Remark 1 (ONB property). It has been shown by Hellekalek [7, Corollary 3.10] that the system
Now we can state the formal definition of p-adic diaphony according to Hellekalek [7] .
s is defined as
. Note that the p-adic diaphony is normalized, i.e., for any sequence ω and for any N ∈ N we have 0 ≤ F N (ω) ≤ 1. It has been shown in [7, Theorem 3.14] that the p-adic diaphony is a quantitative measure for the irregularity of distribution modulo one of a sequence. In fact, a sequence ω is uniformly distributed modulo one if and only if lim N →∞ F N (ω) = 0. In [7, Theorem 3.16 ] it has been shown that for p = (p, . . . , p) the p-adic diaphony of a regular lattice consisting of N = p gs elements is of order (log N) 1/2 /N 1/s . In Section 4 we will show that the p-dic diaphony of the first N elements of the Halton sequence is of order (log N) s/2 /N.
The p-adic diaphony and quasi-Monte Carlo integration
Define the function
Then we can write the p-adic diaphony as
We define an inner product by
with k = (k 1 , . . . , k s ) and
A norm is given by ||f || p,s := f, f 1/2 p,s . (In the sequel we omit the index s whenever s = 1.) Now K p,s can be shown to be the reproducing kernel of the function space
which is the s-fold tensor product of function spaces of the form
From the general theory of reproducing kernel Hilbert spaces (see, for example, [1] ) it is known that it suffices to prove this for the one-dimensional case. Let
and note that we have K p (x, y) = K p (y, x). In fact, the kernel K p is a real function as
Further we have
Therefore K p is the reproducing kernel of the space H p . Since
it follows that K p,s is the reproducing kernel of H p,s . Using [3, Proposition 2.11] it follows that the squared worst-case integration error of functions from H p,s is given by
Combining (2) and (3) we obtain the following result. Proposition 1. Let s ∈ N and p ∈ P s . Then the worst-case integration error in H p,s and the p-adic diaphony of a sequence ω in [0, 1) s are related by
We now show that the reproducing kernel K p can be written in a concise form. Let e(x) := exp(2πix). Note that for x ∈ [0, 1) and n ∈ Z we have e(x + n) = e(x).
We have γ 0 (x) = 1.
Let a ∈ N and 0 ≤ l < p be fixed, then
otherwise.
Now we obtain
If x = y, then we have
If x = y, more precisely, if x i = y i for i = 1, . . . , i 0 − 1 and x i 0 = y i 0 , then we have
Using the definition
we have
The function θ p can easily be computed and therefore also the reproducing kernels K p and K p,s , respectively, can easily be computed. Together with (2) we obtain the following computable formula for the p-adic diaphony.
s , where x n = (x n,1 , . . . , x n,s ) for n ∈ N 0 , can be written as
, where θ p is defined by (4).
where K wal is a reproducing kernel for the so-called Wash space. We refer to [2] for an exact definition and for some background. Hence it follows from [2] and from our considerations here that for p = (p, . . . , p) the p-adic diaphony and the diaphony based on Walsh functions in base b = p coincide.
The p-adic diaphony of the Halton sequence
In this section we present the main result of this paper. We analyze the p-adic diaphony of the Halton sequence. The s-dimensional Halton sequence in pairwise different prime bases p 1 , . . . , p s is defined by x n = (φ p 1 (n), . . . , φ ps (n)) for n ∈ N 0 . Theorem 1. Let ω be the Halton sequence in pairwise different prime bases p 1 , . . . , p s . Then for any N ∈ N we have
where c(p, s) = 
, where x denotes the distance to the nearest integer of a real x, i.e., x := min(x − ⌊x⌋, 1 − (x − ⌊x⌋)).
Proof. Again we use the notation e(x) := exp(2πix). Since p 1 , . . . , p s are pairwise different prime numbers it follows that
Hence we have
, and further
.
For the proof of Theorem 1 we need some further notation:
. Now we give the proof of Theorem 1.
Proof. It is shown in [7, Proof of Theorem 3.24] that for arbitrary
From Lemma 1 we obtain
where [s] := {1, . . . , s} and for u ⊆ [s] and k = (k 1 , . . . , k s ) we write k u = (k j ) j∈u and analogously for p u and g u . We show that Choosing g j = ⌊2 log p j N⌋ we obtain and the result follows.
